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Many publications! have been devoted to determining the stress—strain state of toroidal shells using classical shell theory. In this paper,
we solve mixed boundary-value problems for a thin toroidal shell, taking into account the features of the geometry of a torus? (the sign
variability of the Gaussian curvature). The method of asymptotic integration3-> of the equations of the three-dimensional problem of the
theory of the thermoelasticity of an inhomogeneous anisotropic solid is used.

Consider a toroidal shell, the middle surface of which is obtained by rotating the generatrix of a circle of radius r around the OZ axis,
lying in the plane of the circle at a distance R from its center. Suppose that, in a toroidal system of coordinates, it occupies the region

Qu={0,0,y: 0l <m, 0<@<2m, hi<h h<r}

In the figure we show a toroidal shell and its cross section, where the -y axis is directed along the outward normal to the middle surface
of the shell, 0 is the angle between the y and OZ axes, and ¢ is the angle of rotation of the circle generatrix. The regions 0<60 < and
—m <0 <0 of the surface have positive and negative Gaussian curvature respectively.

The material of the shell is anisotropic and inhomogeneous in plan along the longitudinal 0, ¢ coordinates.

We will consider two cases:

1) on the outer surface y=h and the inner surface y=—h of the shell we are given the displacements

uf0,9,y =th)=uj, j=0,0,y (1)
2) on the outer surface we are given the displacements
ug0,0,y=h)=0, j=06,9,y )
and a load
00,0,y =-h)=05,(0,0), j=06,0,y 3)

is applied to the inner surface (Fig. 1).

The surface of the shell is assumed to be continuous and closed, and hence no other conditions are imposed. A thermal field acts on the
shell. The effect of this field is taken into account using the Duhamel-Neumann model, and it is assumed that the temperature function v
(8, @, v) is known and satisfies the heat-conduction equation and the corresponding boundary conditions.
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Fig. 1.

It is required to find the stress-strain state of the shell.
We will write the equations of equilibrium of an anisotropic body in curvilinear coordinates taking into account the bulk forces and the
elasticity relation together with the temperature stresses

OH
%(H2H30'aa) + %(HIH:iGO.B) + %(Hlecay) - O'BﬁH3'—‘—2

oo
OH OH oH
—GWHzga—B‘ + GGBH36—31 + G“YHZ-EI + PaH1H2H3 =0 (a,B,y;l,2,3)

H, = A(l+l], H,= B(l+1—j, Hy=1
Ry R,

colleqe = 118, ,€ap — 0129 = ;] €Ol [Cucs Opps - » O]

aa

_1Quy, 1 OH, . 1 0H,, |, =H16(u_aj+H26 (uﬁ

= : 5 Vo oyi1,2,3
Hoa HH,op " HH oy " “  H,08\H,) H, o0 sz( P.11.2.3)

(4)

Here Hq, H, and H3 are Lamé coefficients, A and B are the coefficients of the first quadratic form of the coordinate surface, Ry and R, are
the principal radii of curvature of the coordinate surface, a;; are the elastic pliability coefficients, a;; (i, j=1, 2, 3) are the linear thermal
expansion coefficients and Pq, Pg, Py are the components of the bulk force.

For the toroidal shell considered, o =60 and [3 = ¢, and also

A=r, B=R+rsin®, R =r, R,=(R+rsin0)/sin0
aij = aij(e,(p), i,J = 1,2,...,6; aij = (l,j(e,(P) l,] = 1,293 (5)

We will replace the components of the symmetrical stress tensor o', =09 (0, @, y) by the components of the asymmetrical tensor
Tgy # Typ Using the formulae?3

1 = (1+Y/R)oe, 1g =(1+7/R)0y, J=0,0,7, Ty =(1+Y/R)(1+7/R)oy, 6)
and we will change to dimensionless coordinates and dimensionless strains using the formulae
Ug Uy Uy

=0, n=o9, =I=s_lx, u==-, v=—=2 w=-1 s=ﬁ; h<r
¢ n=e & h r r r r r (7)
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after which the equations and relations (4) for the torus take the form

Otgg , rcosO r Otep -1, Ot¢

98 4 T (tge — Tge) + ——— +2Tg, + € Aj—2L+rPy =0

20 T g U0 Tw) ¥ or Yo TP
(’}—te—‘*’-+m(te(p +Tgp) +L%+21¢yrSine+a'lA2%l+rP¢, =0
00 B B

%_(19 +Twrsin6)+ ra‘l:(m,_’_teyrcosﬁ_*_‘(5-151~'_~,y_'_'.Py -0

o0 B | B oo B aC

Az(%"'W] =€ +a11A9+8CU1

A 6L+ucos9+ wsinGJ =e; +apAS +eCU,
B\ 0¢

A

2 (ZL - ucose) + Azgg =eg + 0 A3 +eCUg

¢

a_lAaalC =e + (X.33A9 + SC U3

-1, 0V r . ow
€ AT=——-A;—|vsin®—-=—=|=¢; +a3A3 + (U,
aC IB( 6(p) 4 23 U,

-1, Ou ow
A——A( ———)=e +a3A3+eCU
€ ac 2lU 20 5 13A CUs

ej = ajl‘[,'ee + af2T(P(P + aj3‘tw + aj4T¢y + aijeY + aj6‘|:9(p

rsinf .-
Uj = aljtee + T(azj’rw + aj4r‘py) + ajSTe.Y + ajGTe(p, J= 3,4,5,6

. , -
A =1+gl, Ay=1+ m, A=l+g (1+rsm9)+82 2rsin
e My 75 ~ B ®)

The system of equations and relations (8) are singularly perturbed by the geometrical small parameter . Consequently,2-7 the solution
is made up of two solutions: an internal solution, predominant inside the region occupied by the thin body, and the solution of the problem
for the boundary layer, which decreases exponentially in the direction of the inward normal to the end surfaces.>” The surface of the
toroidal shell is continuous and closed, and hence here we will only construct the internal solution, which we will seek in the form of the
asymptotic expansion*

S
0 = ZSXQ+sQ(s)(e’(p’C)’ Yu=0, 3o =-1
s=0 (9)

where Q is any of the stresses and dimensionless strains.
The bulk forces and the temperature function can simultaneously be represented in the form

S s
Py = 28—2+Sr‘1Pes(e,q),C)(e,(p,'y), g = Zs-lﬂS(s)(e,(P,C)
0 =0 (10)

It follows from relations (10) that the order of the stress-strain state, due to the volume forces and the temperature field, will be of the
order of the stress-strain state produced by the strains and forces applied to the faces, if the intensity of the bulk forces is a factor of £~2
greater than the order of the dimensionless boundary strains, while the intensity of the change in the temperature field is a factor of £~
greater than the order of the dimensionless boundary strains. Otherwise, the contribution of the first will be less and the corresponding
terms will occur in the equations for higher approximations.

Substituting expressions (9) and (10) into relations (8) and equating coefficients of like powers of & on both sides of each equation,
we obtain a non-contradictory system of equations in the unknown coefficients Q') of expansion (9). Solving this system, we obtain the



following recurrence formulae for determining Q(%), i.e., the components of the stress tensor and the strain vector are as follows:

Here
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68 = 17 + 100.(0.0.0) (00,0¢,0¢;1,2,6)

) = T(0,9) + t(0,0,0)
th) = T60(0,9) + THk(6,0,0) (0,0)
© = ¢t +ul(0,0)+ul0,0,8) (u,0,w;5,4,3)

~(s) ’,3'55,57)0 + Aj4‘5$30 + AjSTgy)O) _] = 1,2,...,6

s (s) ( ) ) (9
ng* =B\R” + BoPy" + BigPy”, 1. = B + ByPy? + BygPy”,
wor = BigP” + BygP? + BeP\”

© 5‘5(5;11) 6-1) . _-hrsin®) . rOTer”  (c-rcos® ©) (s-1)
o _ _
Topx = 2 ( Teo ~t Too B )+B 2% + Toy 2 +rP, +rL(Py )dg

(s=1) 6
O J{aree +rcos9( ge_l) f:q’l)) . Ta(p 4276 ”+C gé 4y (’)+rL(Pe(s_”)]d§

ort % B
(s=1)
4 1eosO( -1 (-1 r0Tge
4: (9(p + Tep )+B 6(')

. s-1)
+r51n9[2t$y—l) +€ [ ]+rP(S) +rL(P(S l)) dc
B oG

(s-1) _ —
Pl(s) = [,2(5”69 + w(s—l)) _ a,yc(”* _ “1415,,; _ alstgy) _ a“(S(” _ L(S‘S l))) - U](s 1)

(s-1)
P = Ll L 45V eosh + wEsing | - a1, — a7, — @yt
B 19/0) W

(47 oy*
—an(s“’ - L(s“‘”)) —qus™h

(s-1 (s-1)
() Ou (s-1) ov _ ) _ () _ )
P BLI( P -v cose) + Lz( ) ) 36T~ Q46T g ~ A6

—an(s‘” - L(S“_”)) —cué™

4
5 _ 3 (s-1) p! (s=1)
w’= [ A J[ “[+zq[ s e o = | A | o Vsind -2 fldC

0

C
D= A

0

A =€) + 0,389 + L(a,ﬁs"‘” 6”6C ]+ U u,o,w), 1=3,4,5, n=1,2,3

e —aq 1__g)se—l)+rsin9( (s-1) (s-1)
J — %y

AyTpp T AjaTey )+aj5'cg,”+a 612;2,1),] 3,4,5,6

B, = (apkajk —apjakk)/A (p=j#k#p)

By = (appaji —af,j)/A, B, =Bj; p,j.k=12,6

Ay = —ayBry — ay By — a6 Bre,

At = QuiAy; + Qpp Aoy + AsAs) + Aty Am 2 Ajy 1,m =3,4,5

2 2 2
A = a11a066 + 201216826 — 22316 — Aeed12 — 11926
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We will denote the following operators by Lq, L, and L:
-1 -1 -2 -1 -1 rsin® H(s-2
Ll(Q(s )) - Q(S ) + CQ(S )’ IQ(Q(S )) - Q(~Y ) +C 2 Q(S )
(s-1)\ _ rsin6)\ H(s- b, 2rsin0 H(s-2)
e R

(13)
The common integral (11) contains 6S integration functions
t(fSY)O, j = 9,‘P,Y, ug)S)’U(()S) W(S (14)
which are uniquely defined from the conditions specified on the shell surfaces.
Satisfying the kinematic boundary conditions (1), we obtain the values of the integration functions in the form
W [As, WA W By Ax = Ag3Bly + AsyBls + AusBE
Tyyo Tq,yo 4 *5 Teyo =Ws % Ax = A33D33 + A3qD43 + A3sDs3
W =B + BV + B, =345
up? = w0 =09 —udC =1) (w,0,w;5,4,3)
B} = Ay Ay — AyAy, Bii = AyAy — AjAg. B # Bj
Jk0=3,45 (I#j#k=l)
Ve(x) _ %(u+(S) +uf)(C _ 1) u(S)(C _ 1)) (0,0,7;4,0,W)
WO =ut e, w0 =0, >0 (u,0,w)
U(s) j3T(Y§)0 + Aj4T£;30 + Ajs'c(e?o, j = 5,4,3 (15)
which will have the following form for the mixed boundary conditions (2) and (3)

TSSY) - 0-./$S) (jsy)*(C =- ’ ./ = 9,(P,'Y
u$ =u 0P —uC=1) (w,w;5,43)
665,0) =€0y, J=0,0,7, c;y(l) =—(1+®)ec,, 0'.;52) = Doy, cwf’) =0, §>2

-1y _ - -(1) _ - -(s) _ . . _ rsin®
ogy’ = —Deocgy,, O, =—€C, =0, s>1, j=60,0; ®=

oy oy Ogy oy Ojy ¢ B (16)

We will give some examples of the stress-strain state of an orthotropic toroidal shell for two iteration steps.

Example 1. A normal pressure acts on the inner surface of an orthotropic shell, while the outer surface is rigidly clamped. We have
'Y:—h: Gy =0C=-D, 097=6q>y=0; Y=h3 uj=0’ j=es(P,'Y 17)
After the first iteration step we obtain

(0) 0 0

= A13€0, Typ = A23€0, Ty =€C, G=-p

tg) = 'cg? = 1:5?3 0, u® =@ = 0, w® = Ay —-1)ec (18)

After the second step

o =X, TE;?P =X 752 =eo(C+ 1)(A13 + A23rsil;19) - 80(1 + —’Sgle)

Tgl(g = 0, = S(C + I)I:O'(A” + A23)rCOSe A 333:1, qu), 0

u(1)=11558—€—( _1)2(§+3)[0'(A23—A1 )rcose A %]—SA g—l dc(; o =0 o
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Table 1

hfr=0.1 h/r=0.01
w / /

Rlr=2 3/2 2 3/2
A 0.968 0.962 0.997 0.996
LB 1.111 1.250 1.010 1.020
e 1.034 1.042 1.003 1.004
(395} 0.909 0.833 0.990 0.980

. . 2 .
D= Ayeo(C— 1)[(1 + ———’3219) + 2(,41 3+ A23rs;16)] + 80’§——2_ I(Af'§ + A;"Jsg‘e)

X, = AptX0,6 = 0) + Ayeo(( 1>(Bm ¥ an’sg“’)
+ CSG[AIB( i1+ Apz) + Ax3 (A + Azs)rsgle} n=1,2

Ay =—ayBy —ayByy, Ay # Ay, k,J=1,2
Apy = Qi Ay + Qpoy + Ay, Ay # Ay m,j =123

Hence, after two iteration steps the components of the asymnmetrical stress tensor and the displacement vector will be

0) () r_© (0 r (0) (D _ D
Top = z’tee + 79, Top = ;qup tTop Ty = + Ty, Top = Top

0 D e = hu,

1
Toy = Toy> Toy = Top uq,=hu( ) uy=rw ' +hw

(20)

Example 2. A hydrostatic pressure acts on the inner surface of the shell, while the outer surface is rigidly clamped. In this case the
components of the stress tensor and the displacement vector are given by formulae (18)-(20), where we must take

o = —pgr(l-cos0) (21)

Example 3. The inner surface of the shell is heated uniformly to a temperature v (0, ¢, y) and rigidly clamped, while the outer surface is
load-free. We have

”j(ey(P,Y = _h) = 01 ij(e,(P,'Y = h) = 0’ .l = e,(PaY (22)
After the first iteration step the components of the stress tensor and the displacement vector will be

Tgp = —CIS, Top = —ng, Ty = Toy = Toy = 0, Top = —CGS

u Uu u
8 -2 - Ide
Q3 —€4 Q3 —€5 0O33—€3

C; = Bjjo + By + Bjgayy, j=1,2,6
ek = a;iCy + a0y + ayC, k =3,4,6 (23)

If the outer surface of the shell is rigidly clamped, while the inner surface is load-free, the components of the stress and displacement
fields will be given by formulae (23), where —h must be replaced by h.

Hence, theoretical recurrence formulae (9)-(13) enable us to calculate the components of the displacement vector and the stress tensor
of a toroidal shell with any asymptotic accuracy specified in advance, when the conditions of the first or second boundary-value problems
of the theory of thermoelasticity are specified on its surface. If combinations of the mixed boundary conditions, consisting of conditions (1),
(2) and (3), are specified on its outer and inner surfaces, the components of the stress and displacement fields will be given by recurrence
formulae (15) or (16), depending on whether the components of the displacement vector or the stress tensor are specified (Table 1).

Note than when R — oo, the toroidal shell converts into a cylindrical shell of infinite length, for which all the problems formulated and
their solutions remain true in the limit as R — oo.

An analysis of the stress-strain state of the toroidal shell shows that, in the region where the Gaussian curvature of the surface is
negative (—m <6 <0), the values of the stresses 0aa, Oyy, Oap, Oay are somewhat greater, while in the region of positive Gaussian curvature
(0< 8 <) they are less than their values at the corresponding points of a cylindrical shell. This can be seen from the table, where we show
values of the ratios  of the moduli of these stresses at corresponding points for a toroidal shell and for a cylindrical shell of radius r.

Recurrence formulae (9)-(16) are readily available algorithms for a computer program, which enables analytic and numerical solutions
of the above boundary-value problems to be obtained fairly rapidly with any asymptotic accuracy 0O(&%).
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